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Abstract. The higher spin properties of the non-abelian bosonization in the classical the-
ory are investigated. Both the symmetry transformation algebra and the classical current
algebra for the non-abelian free fermionic model are linear Gel’fand-Dickey type algebras.
However, for the corresponding WZNW model these algebras are different. There exist
symmetry transformations which algebra remains the linear Gel’fand-Dickey algebra while
in the corresponding current algebra nonlinear terms arised. Moreover, this algebra is
closed (in Casimir form) only in an extended current space in which nonlinear currents are
included. In the affine sector, it is necessary to be included higher isotopic spin current
too. As result we have a triple extended algebra.
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1. Introduction
The non-abelian free fermionic model and the WZNW model are not distinguished usu-
ally from some authors because as was shown by Witten [1] the SO(N) non-abelian free
fermionic model and the corresponding WZNW model are equivalent on a classical as well
as a quantum level (see also [2]). This equivalence is understood as the presence of the
same (SO(N) ⊗ SO(N), conformal and affine Kac-Moody) symmetry. This symmetry
involves coinciding current algebras on a classical level as well on a quantum level and
moreover one have identical anomalies for both models in the quantum case. Recently
the Witten bosonization procedure was checked more directly deriving the WZNW model
from the gauged free fermionic model [3], [4] in the path-integral approach.
The currents for both the free fermionic model and WZNW model are chiral, i.e.
∂z¯J = ∂zJ¯ = 0, (1.1)
which shows that, besides the conformal and affine Kac-Moody symmetries, these models
admit higher spin extensions known as W–symmetry. Usually, the Drinfeld-Sokolov re-
duction procedure is applied [5] –[10] to investigate of the W–symmetry in the models
with chiral currents (for complete list of references see [11] and [12]). Despite the fact
that the higher spin currents obtained by this method are independent, they are con-
nected to the choice of the subgroup for reduction. Hence, these currents do not possess
for completeness in general. Moreover, some of the characteristic properties of the model
under consideration can be lost, because we start from the affine Kac-Moody algebra and
the fields transformation laws usually are not analized.1 The properties of the exam-
ined model become more transparent when the hidden symmetry method is applied [11].
This method consists in searching for additional symmetries of the action which generate
higher spin conserved quantities [14], [15]. By means of this method in the papers [16]
and [17] some difference between the symmetry properties of the classical free fermionic
model and the classical WZNW model with respect to the higher spin transformations was
obtained. Indeed, although the action integrals of both models are invariant with respect
to the transformations satisfying isomorphic extended symmetry algebras; the DOP (S1)
transformations [18] –[20], the corresponding higher spin currents for both models have
different properties [21], [16] and [17]. In the paper [19], [9], [21] it is shown that the higher
1 One attempt to relate the Drinfeld–Sokolov procedure to the Lagrangian approach is dis-
cussed in the preprint [13] appearing after completion of the present paper.
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spin fermionic currents satisfied a closed current algebra, which coincides with the algebra
of the corresponding field transformations [16]. Really, applying the Witten non-abelian
bosonization procedure [1] the corresponding bosonic currents and the field transforma-
tions generating these currents were obtained in [17]. Moreover, it was shown that these
infinitesimal bosonic field transformations being the symmetry of the WZNW action sat-
isfied the same algebra as the corresponding fermionic field transformations. However, the
transformation laws for the higher spin bosonic currents essentially differ from the corre-
sponding fermionic currents law. This difference consists in that the higher spin fermionic
currents form invariant space, while the corresponding bosonic currents do not span an
invariant space . To obtain an invariant bosonic currents space the higher spin Noether
currents were complemented by additional nonlinear higher spin currents [22].
The present paper is devoted to the more systematic investigation of the properties of
the Witten non-abelian bosonization procedure with respect to the higher spin symmetry
within the hidden symmetry approach. In the second section a brief review of the results of
the papers [16] is given. The explicit form of the infinitesimal fermionic fields transforma-
tion Lie algebra and the corresponding classical current transformation laws, i.e. current
algebra are presented in the form convenient for comparison with those obtained for the
WZNW model. These higher spin SO(N) algebras are closed only if they are completed to
GL(N) algebras. It is shown also that the correspondence between the symmetry transfor-
mations and the currents is one to one up to the terms containing derivatives from lower
spin quantities.
In the third section the corresponding higher spin bosonized currents and the cor-
responding field transformations are considered. The infinitesimal transformations being
on-shell symmetry of the classical WZNW action satisfied the same linear Gel’fand-Dickey
algebra [23] as the fermionic field transformations. However, in this case the correspon-
dence between the field transformations and the conserved currents is not one to one. For
instance, from the bilinear higher spin currents which correspond to the linear DOP (S1)
field transformations applying the Poisson brackets we derive the transformations which
differ from the initial transformations by nonlinear terms. These nonlinear transforma-
tions generate nonlinear higher spin currents involving transformations containing higher
nonlinearity and so one. For instance, for any current with spin s = m we can obtain
m− 1 new nonlinear currents with the same spin.
In the fourth section the classical current algebra for O(N) WZNW model is obtained.
The higher spin U(1) current algebra (W∞ algebra) is closed (in terms of Casimir currents)
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only if to the spin s = m bilinear current a new m−1 additional nonlinear currents with
the same spin are included. In the case of SO(N) isotopic currents with higher conformal
spin we have more complicated situation. In this case to have closed current algebra the
initial currents must be completed with GL(N) isotopic tensor currents too. As a result
a triple extended affine current algebra is obtained. For the abelian case, which also is
considered, the obtained algebra can be considered as nonlinear Ŵ1+∞ algebra too [24].
However, for the non-abelian case in general we have nonlinear closed algebra (without
adding new terms) only in terms of matrix valued currents [21], [25].
In the fifth section some concluding remarks are given.
In the Appendix the explicit form of the unconstrained higher spin currents is given
for the SL(2, R) WZNW model in terms of the Gauss decomposition components field.
2. Higher Spin Field Transformations for Free Fermionic Model
As is well known, always when we are dealing with a Lagrangian theory whose action is
invariant with respect to some N -parametric rigid (gauge) group transformations G with
Lie algebra G we know from the Noether theorem that (for the application of the Noether
theorem to the conformal theories see [26]):
i) We have N conserved quantities,
ii) These quantities act as generators of the group G,
iii) The corresponding current algebra coincides with the Lie algebra G of the group
G.
It is evident that the assertion iii) is a consequence of ii). These assertions take place
also for some infinite-parametric group such as conformal group in two-dimensions, affine
Kac-Moody transformations and for the higher spin extended transformations as the area-
preserving transformations w∞, extended conformal and affine Kac-Moody transforma-
tions in the case of free fermionic model, e.t.. However, as was shown in [17] (see also [22])
a class transformations exist for the case of the WZNW model in which terms violating the
assertions ii) and iii) appear. The latter means that the current⇐⇒symmetry correspon-
dence is not invertible in this case. Consequently, applying the Poisson bracket we do not
return to the same symmetry transformation and the corresponding current algebra does
not coincide with the Lie algebra of the initial infinitesimal fields transformations. In the
present paper we consider two examples for comparison: the non-abelian free fermionic
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model for which i) - iii) are satisfied for higher spin extended symmetry transformations
and the WZNW model for which ii) and iii) are violated on the higher spin level.
In the present paper we consider transformations which are on-shell symmetry too,
i.e. transformations leaving the action unchanged only on the solutions of the equations of
motions. We recall that such kinds of symmetries usually appear in the supersymmetric
theories. According to the modified Noether theorem given by Ibraghimov [27], [28] to any
continuous one parametric on-shell symmetry transformation there also corresponds one
conserved quantity, i.e. the assertion i). As we will see below the assertions ii) and iii)
can be violated on the higher spin symmetry level.
First we reconsider the classical free fermionic model whose higher spin conserved
currents are given by:
Vn = ψ¯∂n+1z ψ, (2.1a)
J na = ψ¯ta∂
n
z ψ, (n = 0, 1, . . . (2.1b)
being a higher spin extension of the holomorphic components of the stress-energy tensor,
V0 = Tzz and of the SO(N) or SU(N)(GL(N)) (for definiteness) isotopic current J 0a = Ja
respectively. In the formulas (2.1) z denotes a light-cone variable x+ = (x0+x1)/2 or the
corresponding complex variable, ψ is a holomorphic component of the free spinor field and
ta ∈ G are the generators of the group G in fundamental representation. We restrict
our considerations only to the holomorphic components ∂z¯V = 0 , having in mind that the
anti-holomorphic components have a similar form and we are concerned with the SO(N)
model for which ψ is a holomorphic component of a anticommuting Majorana spinor , i.e.
ψ¯ = ψ. Notice, that in (2.1) and what follows the currents normalization constants are
omitted.
When we are dealing with the complex spinor field all the currents (2.1) are indepen-
dent, however, for the Majorana spinor field this is not the case. Indeed, using the formula
[16]:
∂mφΩχ =
∑
p≥0
(
m
p
)
∂p(φΩ∂m−pχ), (2.2)
where Ω is a constant matrix one can get:
V1 = ∂V0,
V3 = 2∂V2 − ∂3V0,
V5 = 3∂V4 − 5∂3V2 + 3∂5V0,
...
(2.3)
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for symmetric matrix Ω and
J 1a =
1
2
∂J 0a ,
J 3a =
3
2
∂J 2a −
1
4
∂3J 0a ,
J 5a =
5
2
(∂J 4a − ∂
3J 2a ) +
1
2
∂5J 0a ,
...
(2.4)
for skew symmetric matrix Ω. For arbitrary odd spin U(1) current (2.1a) and even spin
isotopic vector current (2.1b) we obtain respectively:
V2m+1 =
m∑
p=0
Cmp ∂
2p+1V2(m−p), (2.5a)
J 2m+1a =
m∑
p=0
C˜mp ∂
2p+1J 2(m−p)a , (2.5b)
where Cmp are constants which could be derived from (2.2). The formulas (2.3) and (2.5)
show us that by a suitable choice of the constants Rnp in formula
Wn → Ŵn =
n∑
p=0
Rnp∂
pWn−p (2.6)
we can obtain a basis in which V2m+1 ≡ 0 and J 2m+1a ≡ 0. For convenience we use the
basis (2.1) in which the depending currents are not excluded, hence the relations (2.5)
must be kept in mind.
The currents (2.1) are Noetherian, i.e. they follow from the Noether theorem as a
consequence of the on-shell symmetry of the free fermionic action with respect to the
infinitesimal transformations:
δmψ(z) = km(z)∂
m+1ψ, (2.7a)
δ̂mψ(z) = αam(z)ta∂
mψ, (2.7b)
where km(z) and α
a
m(z) are arbitrary holomorphic functions. It is easy to check that
the transformations (2.7) satisfied the following Lie algebra:
[δm(k), δn(h)]ψ(z) =
∑
r≥0
δm+n−r+1
(
[hn+1, km+1]
r
−
)
ψ(z), (2.8a)
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[δm(k), δ̂n(βˆ)]ψ(z) =
∑
r≥0
δ̂m+n−r+1([βˆn, km+1]
r
−)ψ(z), (2.8b)
[δ̂m(αˆ), δ̂n(βˆ)]ψ(z) =
∑
r≥0
(
δ̂m+n−rc (f
c
ab[β
b
n, α
a
m]
r
+tc)
+ δ̂m+n−r([βbn, α
a
m]
r
−tab)
)
ψ(z), (2.8c)
where tab = {ta, tb}/2,
2[βn, αm]
r
± =
(
n
r
)
βn∂
rαn ±
(
m
r
)
αm∂
rβn (2.9)
and it is taken into account that the binomial coefficients
(
m
r
)
= 0 for r > m. This
algebra contains as subalgebras the Virasoro algebra, theW∞ algebra, semi-direct product
of the Virasoro and the affine Kac-Moody algebras.
Observation: If m 6= n in the r.h.s. of (2.8c) the anticommutators of the matrix
generators of SO(N) are also included. The origin of these anticommutators is the follow-
ing: When m 6= n in the commutator of two transformations (2.7b) the matrix products
tatb and tbta appears by different coefficients, so that they do not form the Lie product
only. Indeed, taking into account that the product tatb can always be represented as
tatb =
1
2
[ta, tb] +
1
2
{ta, tb}
and that {ta, tb} ∈ U(N)
(
GL(N)
)
when ta ∈ SU(N)
(
SL(N)
)
then tatb ∈ U(N)
(
GL(N)
)
.
The latter allows us to conclude that the extended affine SU(N) Kac-Moody algebra
is not closed alone, because the affine U(1) transformations coincides with the W–
transformations. However, if ta ∈ SO(N ) then the anticommutator {ta, tb} /∈ SO(N )
for any nontrivial representation of SO(N). The latter is a consequence of the uncom-
pleteness of the space of matrices ta in any representation of SO(N). In this case
tatb ∈ GL(N ). Indeed the N(N − 1)/2 skew symmetric N × N matrix together with
N(N + 1)/2 symmetric matrices {ta, tb} form a complete N ×N real matrix space.
According to the second part of the Noether theorem (assertion ii) applying the Pois-
son bracket we derive the following field transformations laws:
δl+1ψ(z) =
∫
dxkl(x){V
l+1(x), ψ(z)}PB =
= −2
∑
s≥0
δl,2skl∂
l+1ψ + (−)l+1
∑
r≥1
(
l + 1
r
)
∂rkl∂
l−r+1ψ(z), (2.10a)
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δ̂lψ(z) =
∫
dxαal (x){J
l
a(x), ψ(z)}PB =
= −2
∑
s≥0
δl+1,2sα
a
l ∂
ltaψ + (−)
l
∑
r≥1
(
l
r
)
∂rαal ∂
l−rtaψ(z), (2.10b)
δ̂l+1ψ(z) =
∫
dxαabl (x){J
l+1
ab (x), ψ(z)}PB
= −2
∑
s≥0
δl,2sα
ab
l ∂
l+1tabψ
+ (−)l+1
∑
r≥1
(
l + 1
r
)
∂rαabl ∂
l−r+1tabψ(z), (2.10c)
where
J lab =
1
2
ψ{ta, tb}∂
lψ. (2.11)
Comparing the transformations (2.10) with (2.7) we can conclude that they differ by the
terms ∂m−r(δrψ), (r = 0, . . .m− 1) and moreover that the terms hl+1∂
l+1ψ are absent
for odd l in (2.10a, c) and for even l in (2.10b). In both cases the corresponding to these
transformations currents are not independent which agree with (2.5). This means that
applying both parts of the Noether theorem we return to the same (up to redefinition)
transformation. The absence of some terms in formulas (2.10) included in (2.7) is a prop-
erty of the basis under considerations. The independent Noether currents corresponding to
the transformations (2.10) also coincide up to redefinition to the currents (2.1). Another
important difference, however, is that the transformations (2.10) are off shell-symmetry of
the action, i.e. they leave the free fermionic action up to surface terms for arbitrary fields
configurations.
It is straightforward to check that the transformations (2.10) satisfy the Lie algebra
which differs from (2.8) only by the factor (−)r.
Using (2.7a) we derive the currents transformation law
δmVn =
∑
p≥1
(
n+ 1
p
)
∂pkmV
m+n−p+1
− km
∑
q≥0
(−)m−q
(
m+ 1
q
)
∂qVm+n−q+1,
(2.12)
which shows that they span an invariant space with respect to the transformations (2.7a).
Moreover, it is easy to check that all the currents (2.1) form invariant space with respect
to the both laws (2.7) and (2.10), hence, they satisfied a closed current algebra.
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When m = 0 the law (2.12) becomes:
δ0Vn = (n+ 1)∂k0V
n + k0∂V
n +
∑
p≥2
(
n+ 1
p
)
∂pk0V
n−p+1 (2.13)
hence V n is a quasi-primary field.
3. Higher Spin Symmetry in WZNW Model
First we consider the abelian case in order to gain intuition and to make the choice of
higher spin bosonic currents more transparent.
3.1. Abelian Bosonization
According to the abelian bosonization procedure we should pair a bosonic currents to any
fermionic current (2.1a)
V n(z) = U−1∂n+2U(z) = e−ϕ(z)∂neϕ(z), (3.1)
where ϕ is dimensionless scalar field. We recall that from (3.1) it follows:
V n(z) = Pn+2(J) =
(
J(z) + ∂
)n+2
.1, (3.2)
where P(J) are the Faa´ di Bruno polynomials [29], [30] and J = U−1∂U = ∂ϕ.
It is easy to show that the currents (3.1) are generated by the transformations
δmU(z) = km(x)∂
m+1U(z), (3.3)
being an on-shell symmetry of the action
S =
1
2
∫
d2z∂zU
−1∂z¯U . (3.4)
Here we consider the U(1) group element U as independent field variables, i.e. we deal with
the U(1) chiral model. Notice, that the transformations (3.3) coincide with corresponding
fermionic ones (2.7a) by the form, hence they satisfy the same W1+∞ (linear Gel’fand-
Dickey) algebra (2.8a).
The canonical currents corresponding to the transformations (3.3) are given by
V ncan = ∂U
−1∂n+1U . (3.5)
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However, taking into account the identity
V n+1 = (J + ∂)V n (3.6)
which follows from (3.2), we obtain
V n = ∂V n−1 − V ncan. (3.7)
Consequently, the currents (3.1) can be considered as improved ones. Indeed, seting n = 0
in (3.7) we get the improved stress-energy tensor
T = −V 0can + ∂j =
1
2
j2 + ∂j.
According to the second part of the Noether theorem we have:
δnU =
∫
dykn(y){V
n(y),U(z)}PB
∑
p≥1
(−)p−1
(
n
p
)
∂p−1kn∂
n−pU
= U(z)
∑
p,r≥1
(−)p−1Cn+2,p−1p,r ∂
p−r−1kn(z)∂
r
(
U−1∂n−p+2U(z)
)
,
(3.8)
where
Cm,np,q =
(
m
p
)(
n
q
)
(3.9)
and it is taken into account that Cm,np,q = 0 if p > m or q > n.
Observation: In the transformation law (3.8) we see also a nonlinear part (with
respect to U in contrast to the corresponding fermionic case (2.10), and the bosonic trans-
formations (3.3) where nonlinear terms are absent. The presence of these nonlinear terms
in (3.8) is a consequence of the nonlinearity of the bosonization procedure (3.1) and they
appear when higher order derivatives are included. Another consequence of this nonlinear-
ity is the noninvariance of the current space (3.1) with respect to the linear transformations
(3.3) (see [17], [22], [21]).
Indeed, applying the linear transformations (3.3) we obtain:
δmV n = −kmV
m−1V n +
∑
p≥0
(
n+ 2
p
)
∂pkmV
m+n−p+1. (3.10)
If m,n 6= 0 the first term in the r.h.s. is essentially nonlinear with respect to the currents
Vn and it is not present in the fermionic current transformation laws (2.12). For m = 0
the formula (3.10) becomes
δ0V n = (n+ 2)∂k0V
n − k0∂V
n +
∑
p≥2
(
n+ 2
p
)
∂pkmV
m+n−p+1, (3.11)
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i.e. the higher spin bosonic currents (3.1) are quasi-primary fields too. However, with
respect to the nonlinear transformations (3.8) only the stress-energy tensor V 0 is a primary
field. All this is an indication that we have nonlinear current algebra.
The currents which can be obtained from the nonlinear transformations (3.8) contain
nonlinear terms V m−lV l, (l = 0, . . .m). Consequently, by multiple application of the
Noether theorem we obtain the terms with an increasing nonlinearity. It is easy to check
that the product V mV n is impossible (if m,n > −1) to be represented linearly in terms of
the currents V k and their derivatives, i.e.
V mV n 6=
m+n∑
k=0
Am,nk ∂
kV m+n−k, (3.12)
where Am,nk are constant coefficients. Taking into account the formula (3.2) we can rep-
resent V n also as polynomials of the first current V −1 = J and its derivatives. However,
these polynomials do not form a complete system.
For more clarification we turn to the U(1) group parameter ϕ(z) in terms of which
the transformations laws (3.3) take the form:
δnϕ = U−1δnU =
∑
p,r≥1
(−)p−1Cn+1,p−1p,r ∂
p−r−1kn(x)∂
rPn−p(∂ϕ), (3.13)
hence, the field ϕ is always transformed nonlinearly if n > 0.
Rescaling the field ϕ→ h−1ϕ and taking the limit h→ 0 we derive from (3.13) the
area-preserving transformations law:
δ˜nϕ = lim
q→0
qn+1
n+ 1
δn(q−1ϕ) = kn(z)(∂ϕ)
n+1 (3.14)
which satisfy the w∞ Lie algebra:
[δ˜m(k), δ˜n(h)]ϕ = δ˜m+n(hn∂km − km∂hn)ϕ, (3.15)
i.e. we have a contraction of the W1+∞–algebra to the w∞–algebra. We recall that the
transformations (3.8) and (3.13) are only on-shell symmetry of the free scalar field action
while the w∞ transformations (3.14) are off-shell symmetry.
The Noether currents corresponding to the transformations (3.14) are
vn(z) =
1
n+ 2
(∂ϕ)n+2, (3.16)
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If we turn to the group parameters as independent field variables and assume the
transformation law
δnϕ = kn(x)∂
nϕ, (3.17)
being on-shell symmetry of (3.4) we obtain a bosonic realization of linear Gel’fand-Dikey
algebra. The corresponding conserved currents are given by
V˜ n = ∂ϕ∂n+1ϕ, (3.18)
These currents are generators of the same (up to redefinition) field transformations (3.17).
Hence, the higher spin symmetry properties of the initial fermionic fields can be reproduced
if we consider the group parameters as independent field variables.
3.2. Non-abelian Bosonization
Similarly to the foregoing cases we choose the higher spin conserved quantities for the
WZNW in the form:
V n = tr
(
∂g−1∂n+1g
)
, (3.19a)
Jna = tr
(
∂g−1∂ngta
)
, (3.19b)
where g takes its values on the group G, i.e. g ∈ G. The level parameter as well as
the normalization constants are omited in (3.19) and what follows. For definiteness we
suppose G = SO(N), however our considerations are applicable for any other group G.
In the present subsection we consider the canonical conserved quantities only. In paper
[17] it was shown that these currents can be represented by the Faa´ di Bruno polynomials
too, which show us that (3.19) is an appropriate bosonization of the higher spin fermionic
currents (2.1). Indeed the currents (3.19) can be represented in the form:
V n = −tr
(
j(z)Un+1(z)
)
,
Jna = −tr
(
j(z)Una (z)
)
,
(3.20)
where the notations
j(z) = U1(z) = g−1∂g(z), Un(z) = g−1∂ng(z), Una (z) = g
−1∂ngta = U
n(z)ta
(3.21)
are introduced. This coincide with the Sugawara construction for n = 0, hence for n > 0,
the formulas (3.20) can be considered as extended Sugawara constructions.
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It is easy to verify that the following recursive relations hold:
Un+1 = (j + ∂)Un = DUn, (3.22)
where D = J + ∂ is a matrix covariant derivative. Starting from U0 = I, where I is
the identity matrix and U0a = ta, we obtain:
Un = Dn.I = Pn(j), Una = D
nta = P
n(j)ta, (3.23)
which are the matrix generalizations of the Faa´ di Bruno polynomials. Inserting (3.23)
into (3.21) we get:
V n(z) = −tr
(
j(z)Dn+1(z)
)
= −tr
(
jPn+1(j)
)
,
Jna (z) = −tr
(
j(z)Dnta
)
= −tr
(
jPn(j)ta
)
.
(3.24)
Rescaling the current j → q−1j in the limiting case q → 0 we obtain:
vn = lim
q→0
qn+2
n+ 2
V n(q−1j) =
1
n+ 2
tr(j)n+2, (3.25a)
jna = lim
q→0
qn+1
n+ 1
Jna (q
−1j) =
1
n+ 1
tr
(
(j)n+1ta
)
, (3.25b)
The currents (3.25a) coincide with the area-preserving conserved currents. In order to
assure that the currents (3.25b) have a Noether character we should introduce higher rank
isotopic tensor currents (see [17] and [22]).
In the case when g is defined over the orthogonal group, i.e. g ∈ SO(N), hence
g−1 = gT which allows us to write
(1− (−)m)V m(x) =
∑
p≥1
(−)m−p
(
m
p
)
∂pV m−p, (3.26a)
(1− (−)m)Jma (x) =
∑
p≥1
(−)m−p
(
m
p
)
∂pJm−pa , (3.26b)
Notice, that the equality (3.26b) takes place only for (ta)
T = −ta, while the second rank
symmetric tensor currents Jnab satisfy the Eq.(3.26a). From (3.26) we obtain
V 2m+1 =
m∑
p=0
B2m+12p+1 ∂
2p+1V 2(m−p), (3.27a)
J2m+1a =
m∑
p=0
B˜2m+12p+1 ∂
2p+1J2(m−p)a , (3.27b)
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where Bmp are coefficients which can be determined from (3.26). The explicit form of (3.27)
for the currents with lowest spin reads:
V −1 = trgT∂g ≡ 0,
V 1 =
1
2
∂V 0,
V 3 =
3
2
∂V 2 −
1
4
∂3V 0,
V 5 =
1
2
(−5∂V 4 + 5∂3V 2 − ∂5V 0),
...
J1a = tr∂g
T ta∂g ≡ 0,
J3a = ∂J
2
a ,
J5a = 2∂J
4
a − ∂
3J2a .
...
(3.28)
Notice that the coefficients in these relations for the currents V and Ja with coinciding
index differ because the current V n has a conformal spin s = n+2 while the conformal
spin of the current J is s = n+ 1
The formulas (3.27) ((3.28)) show us that the odd spin U(1) currents V 2m+1 are
represented as derivatives from the underlying even spin currents, while the even spin
currents J2m+1a (the current J
0
a has conformal spin equal to one) are represented in terms
of derivatives from the underlying odd spin currents J2la . Consequently, in the case of the
SO(N) WZNW model the U(1) currents with even spin are independent, while only the
isotopic vector currents with odd spin are independent which corresponds to the SO(N)
free fermionic model. By suitable redefinition of the currents (2.10) we can pass to a basis
in which all dependent currents vanish identically.
Notice, that in the current algebra for the SO(N) currents (3.19b) as well as in the
algebra of the corresponding field transformation laws, which would be considered below,
there also arise the symmetric matrix generators tab = {ta, tb}/2 which as in the fermionic
case complement the SO(N) algebra to the GL(N) algebra.
We recall that the currents (3.19) follow from the Noether theorem as a consequence
of the on-shell symmetry of the WZNW action with respect to the linear transformations
(see Ref. [17]):
δmg(z) = km(z)∂
m+1g(z), (3.29a)
δ̂mg(z) = αam(z)ta∂
m+1g(z), (3.29b)
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where km, αm are arbitrary holomorphic functions. These transformations satisfy the same
Lie algebra (2.8) as the corresponding fermionic transformations (2.7). Taking into account
that δmg−1 = −g−1δmgg−1 it is easy to verify that these transformations satisfy the same
Lie algebra as the transformations for δmg. Notice, that due to the dimensionlessness of
the scalar field g the transformations (2.10a) can be considered twofold: ones as space-
time conformal transformations and others as U(1) gauge transformations. From this
property the Sugawara construction for the stress-energy tensor follows. In the present
paper the transformations (2.10a) are considered as U(1) gauge transformations. However,
as in the abelian case the currents (3.19) do not form invariant space with respect to the
transformations (3.29) (see Refs. [17], [22]). Applying the equal-time Poisson brackets we
derive the fields transformations generating from the currents(3.19):
δmg(x) =
∫
dykm(y){V
m(y), g(x)}PB =
4π
N
{
−km(x)∂
m+1g(x)
+ g(x)
∑
p≥1,q≥0
(−)p−1Cm+1,p−1p,q ∂
qkm∂
p−q−1
(
∂g−1∂m−p+1g
)}
,
δ̂mg(x) =
∫
dyαam(y){J
m
a (y), g(x)}PB =
4π
N
{
−αam(x)ta∂
mg(x)
+ g(x)
∑
p≥1,q≥0
Cm,p−1p,q ∂
qαam∂
p−q−1
(
∂g−1ta∂
m−pg
)}
,
(3.30)
We use the Poisson bracket defined in [1] in which the higher spin current variation is
inserted by
δJmA = tr
(
∂δg−1∂mgA+ ∂g−1∂mδgA
)
= tr
(
−∂mgAg−1∂(δgg−1) +
∑
p≥1
(
m
p
)
∂m−pgA∂g−1∂p(δgg−1)
) (3.31)
and
(δgg−1)(x)(δgg−1)(y) =
4π
N
I ⊗ Iǫ(x− y). (3.32)
Notice, that the anti-holomorphic coordinate z¯ appears as evolution (time) variable.
Observation: The variations (3.30) for m = 0 are linear and coincide with the
ordinary conformal and gauge (affine Kac-Moody) transformations, while for m > 0
nonlinear terms arise. The appearance of these nonlinear terms is in contrast with the
initial transformations (3.29) and the corresponding spinor transformations (2.10) .
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We note, that the transformations (3.30) derived by means of the Poisson bracket
are on-shell symmetry of the WZNW action too, which allow us to apply the Noether
theorem again. The nonlinear terms in (3.30) generate nonlinear currents of type
tr(jUmUn) and tr(jtaU
mtbU
n). By repeatedly applying the Noether theorem we obtain
set of nonlinear currents:
V n1,n2,...,nl = tr
(
Un1Un2 . . . Unl
)
, (l = 1, 2, . . .). (3.33)
Taking into account that U0 = I and U1 = j = g−1∂g from (3.33) we obtain
V n1,...,nr,0,...,0 = V n1,...,nr if (r = 2, 3, . . .) and V n = V 1,n+1,0,...,0 if r = 1. It is straight-
forward to verify that the extended currents space {V n1,n2,...,nl} is invariant with respect
to the transformations (3.30). For instance, the transformation law for the currents (3.33)
with respect to the linear transformations (3.29a) reads
δmV n1,n2,...,nl =
l−1∑
q=0
{
−kmV
n1,...,nq,m,nq+1,...,nl
+
∑
p≥0
(
nq
p
)
∂pkmV
n1,...,nq−1nq+m−p+1,nq+1,...,nl
}
.
(3.34)
To have an invariant current space with respect to the extended affine transformations
too, we include symmetric isotopic tensor currents Jn1,n2,...,nla1,...,ap , (l, p = 1, 2, . . . ; p < l). For
example the explicit form of the rank 2 tensor currents is:
Jn1,...,nla,b =
l∑
q,p=0,q 6=p
tr
(
Un1 . . . Unpta . . . U
nq tb . . . U
nl
)
. (3.35)
It is straightforward to check that the set of all tensor currents form an invariant space.
The same result we find if we consider the algebra of nonlinear infinitesimal transfor-
mations (3.30).
4. Bosonic Current Algebra
4.1. Abelian Model
First we consider the abelian model whose currents are given by (3.1). Notice, that for
our purposes it is more convenient to consider the U(1) principal chiral model for which
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the group element U are independent field variables. In this case we derive the following
current algebra of the improved currents (3.1):
{V m(x), V n(y)}PB = δV
m(x)δV n(y)
= 4π
∑
p,q,r≥1,s≥0
Cm+2,p−1p,r C
n+2,q
q,s ∂
q−sV m−p∂p−r−1V n−q∂r+sδ(x− y),
(4.1)
where we used
δV m(x) =
∑
p≥1
(
m+ 2
p
)
V m−p∂p
(
U−1δU
)
(4.2)
and
U−1(x)δU(x)U−1(y)δU(y) = 4πǫ(x− y). (4.3)
The r.h.s. of (4.1) contains linear as well nonlinear terms which can be seen by rewriting
(4.1) in the following equivalent form:
{V m(x), V n(y)}PB = δV
m(x)δV n(y)
= 4π
{m+1,n+1,p−1,q∑
p,q,r=1,s=0
Cm+2,p−1p,r C
n+2,q
q,s
× ∂q−sV m−p∂p−r−1V n−q∂r+sδ(x− y)
+
n+1,m+1∑
q,r≥1
Cn+2,m+1q,r ∂
m−r+1V n−q∂q+rδ(x− y)
+
m+1,n+1∑
p,s≥1
Cm+2,n+2p,s ∂
n−s+2V m−p∂p+s−1δ(x− y)
+ ∂m+n+3δ(x− y)
}
.
(4.4)
The first term in the r.h.s. of (4.4) gives the nonlinear Gel’fand-Dikey algebra while
the second and third terms represent the linear part of the same algebra. Although we
are dealing with a classical theory there appear central terms in (4.4) for any m,n. We
note, that the algebra (4.4) becomes pure linear only in the case m = n = 0 i.e. for the
Virasoro subalgebra. Indeed, inserting m = 0 into (4.4) we obtain
{V 0(x), V n(y)}PB = 4π
∑
q≥1
(
n+ 2
q
)(
2
q∑
s=0
(
m+ 2
r
)
∂q−sV −1V n−q∂sδ(x− y)
+ ∂
(
V n−q∂qδ(x− y)
))
,
(4.5)
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which if n > 0 also contain nonlinear terms. Nonlinear terms disappear only if we set
n = 0:
{V 0(x), V 0(y)}PB =
(
2V 0∂ + ∂V 0 + 2∂V −1∂ + 3V −1∂2 + ∂3
)
δ(x− y), (4.6)
i.e. V 0 is a quasi-primary field. Consequently, after the bosonization the linear current
algebra transforms into nonlinear ones with central terms on the classical level. The latter
is obvious for the improved quantities.
Here we also give the corresponding algebra for the canonical currents (3.5) which
reads:
{V˜ m(x), V˜ n(y)}PB = ∂V˜
m−1V˜ n−1δ(x− y) + V˜ m−1V˜ n−1∂δ(x− y)
−
∑
q≥1,s≥0
Cn+1,qq,s ∂
q−sV˜ m−1∂V˜ n−q∂sδ(x− y)
+
∑
p≥1,r≥0
Cm+1,pp,r V˜
m−p∂p−rV˜ n−1∂rδ(x− y)
+
∑
p,q≥1,r,s≥0
Cm+1,p−1p,r C
n+1,q
q,s ∂
q−sV˜ m−p∂p−rV˜ n∂r+sδ(x− y),
(4.7)
without a central term contrary to the improved current algebra (4.1) .
It is easy to check that the currents (3.16) satisfy the same w∞ algebra (3.15) with
respect to the Poisson brackets as the corresponding infinitesimal transformations (3.14).
4.2. Non-abelian case
In the non-abelian case we derive the following current algebra:
{V m(x), V n(y)}PB = tr
(
∂Um+1Un+1
)
δ(x− y) + tr
(
Um+1Un+1
)
∂δ(x− y)
−
∑
q≥1,s≥0
Cn+1,qq,s tr
(
∂q−sUm+1∂Wn−q+1
)
∂sδ(x− y)
+
∑
p≥1,r≥0
Cm+1,pp,r tr
(
Wm−p+1∂p−rUn+1
)
∂rδ(x− y)
+
∑
p,q≥1r,s≥0
Cm+1,p−1p,q C
n+1,q
q,s tr
(
∂q−sWm−p+1∂p−r−1Wn+1
)
× ∂r+sδ(x− y), (4.8a)
{V m(x), Jna (y)}PB = tr
(
∂Um+1Y na
)
δ(x− y) + tr
(
Um+1Y na
)
∂δ(x− y)
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−
∑
q≥1,s≥0
Cn,qq,s tr
(
∂q−sUm+1∂jn−qa
)
∂sδ(x− y)
+
∑
p≥1,r≥0
Cm+1,pp,r tr
(
Wm−p+1∂p−rY na
)
∂rδ(x− y)
+
∑
p,q≥1r,s≥0
Cm+1,p−1p,r C
n,q
q,s tr
(
∂q−sWm−p+1∂p−r−1jna
)
× ∂r+sδ(x− y), (4.8b)
{Jma (x), J
n
b (y)}PB = tr
(
∂Y ma Y
n
b
)
δ(x− y) + tr
(
Y ma Y
n
b
)
∂δ(x− y)
−
∑
q≥1,s≥0
Cn,qq,s tr
(
∂q−sY ma ∂j
n−q
b
)
∂sδ(x− y)
+
∑
p≥1,r≥0
Cm+1,pp,r tr
(
jm−pa ∂
p−rY nb
)
∂rδ(x− y)
+
∑
p,q≥1,r,s≥0
Cm+1,p−1p,r C
n+1,q
q,s tr
(
∂q−sjm−pa ∂
p−r−1jn−qb
)
× ∂r+sδ(x− y), (4.8c)
where the following notations are used
Wn(x) = ∂g−1∂ng(x) = −U1Un(x),
Y na (x) = g
−1∂ng(x)ta,
jna (x) = ∂g
−1∂ng(x)ta = −U
1Y na (x).
(4.9)
We remark that
V n(x) = trWn+1,
Jna (x) = trj
n
a (x).
(4.10)
We note that in the l.h.s. of the current algebra (4.8) nonlinear terms (with respect
to the matrixvalued currents (4.9)) appear, which in the general case are impossible to be
represented (lineally or nonlinearly) in terms of the currents (4.10) only. Consequently,
to have a closed algebra additional nonlinear currents of type (3.33) and(3.35) should be
included (in both caseslinear and nonlinear algebra).
Taking into account
∂Un(x) = Un+1 − U1Un (4.11)
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we derive the following generalized Laibnitz formula:
∂lUm(x) =
∑
s≥0
(
l
s
) ∑
r1≥0
(
s
r1
)
×
∑
r2≥0
(
s− r1
r2
)
. . .
∑
rk−1≥0
(
s− r1 − . . .− rk−1
rk
)
× UrkUrk−1 . . . Ur2Ur1Um+l−sδr1+r2+...+rk−s,0.
(4.12)
Hence, the r.h.s. of (4.8) can be represented in terms of the currents (3.33) and (3.35). As
was pointed out above the currents (3.33) and (3.35) are also Noetherian and are generated
by the nonlinear part of the transformations (3.30). The nonlinear currents (3.33) satisfy
the following current algebra:
{V {m}k(x), V {n}l}PB =
∑
CP (m)
∑
CP (n)
tr
(
Um1(x)Um2(x) . . .Umk−1(x)
× Un1(x)Un2(x) . . . Unl−1(x)
×
∑
p,q≥1,r,s≥0
Cm,p−1p,r C
n,q
q,s ∂
q−sUm−p∂p−r−1Un−q
)
∂r+s−1δ(x− y),
(4.13)
where {m}k = (m1, . . . , mk) and CP (m) denotes the cyclic permutations of m1, . . . , mk.
Taking into account (4.12) the r.h.s. of (4.13) can be rewritten only in terms of the
currents (3.33) (without derivative terms). This allow us to conclude that currents (3.33)
satisfy a closed linear algebra if l runs to ∞. In the case of isotopic currents (3.35) one
obtains closed linear algebra if currents with increasing isotopic indices up to
Jm1,...,mka1,...,ak = tr
(
Um1ta1 . . . U
m2ta2 . . . U
mktak
)
, (k = 1, 2, . . .) (4.14)
are included. Consequently, the currents (3.33), (3.35), (4.14) satisfy a closed linear affine
algebra if ta ∈ SL(N ) also in the case g ∈ SO(N).
Notice, that we obtained an algebra which is a triple extension of the semi-direct prod-
uct of the Virasoro algebra and the affine Kac-Moody algebra. This extension is carried
out with respect to: the conformal spin, the degree of nonlinearity and the isotopic spin.
Let us recall that there exists possibility for the algebra (4.8) to be considered as a non-
linear algebra for matrix valued currents. We point out, that there are several possibilities
to obtain particular extended algebras from the general construction considered above. A
simple example of the contraction procedure is presented below.
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Inserting (3.23) into (3.33), (3.35), (4.14) and after redefinition j → q−1j in the
limiting case q → 0 we get:
vn(x) = lim
q→0
qn+2
n+ 2
V n1,n2,...,nk =
1
n+ 2
trjn+2, (4.15a)
vna (x) = lim
q→0
qn+1
n+ 1
Jn1,n2,...,nka =
1
n+ 1
tr
(
taj
n+1
)
, (4.15b)
vna1,a2,...,al(x) = limq→0
qn+1
n+ 1
Jn1,n2,...,nka1,a2,...,al , (4.15c)
where n =
∑k
r=0 nr and l ≤ k. We note, that if 1 < l < k there are various possibilities
for re-arrangering the matrix generators ta and the currents U
n in the formula (4.15a) .
With respect to the Poisson bracket the currents (4.15) satisfy the following algebra:
{vm(x), vn(y)}PB = (m+ 1)∂v
m+n(x)δ(x− y) + (m+ n+ 2)vm+n∂δ(x− y), (4.16a)
{vm(x), vnb (y)}PB =
1
n+ 1
n∑
p=0
tr
(
∂
(
jm+1
)
jptbj
n−p
)
δ(x− y)
+ (m+ n+ 1)vm+nb ∂δ(x− y), (4.16b)
{vma (x), v
n
b (y)}PB =
1
(m+ 1)(n+ 1)
m∑
p=0
{ n∑
q=0
tr
(
∂
(
jptaj
m−p
)
jptbj
n−p
)
δ(x− y)
+ tr
(
jn+p−qtaj
m+q−ptb
)
∂δ(x− y)
}
. (4.16c)
We note, that the terms of type tr
(
∂(jm)Ajn
)
can be represented as a total derivative only
if A = I, otherwise, the term tr(jm−k−1∂jjktaj
n) ≡ tr(jm−k−1U2jktajn)− tr(jm+1tajn)
also is included. Consequently, it can be concluded that only the currents (4.15a) satisfy a
closed linear algebra (4.16a) coinciding with the area-preserving w∞ algebra. The r.h.s.
of (4.16b, c) shows that the isotopic vector and generally isotopic tensor currents do not
form closed algebra if the currents containing the derivatives of j are not included, i.e.
the currents of type (4.14).
5. Conclusions
The main results obtained in the present article is that when the bosonization procedure
is applied some higher spin symmetry properties are changed. For the free fermionic
model it is well known that the higher spin currents and their generating transformations
form the same Lie algebra –the DOP (S1) algebra (coinciding with the linear part of the
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Gel’fand-Dickey algebra) which agree with the Noether theorem. This result take place for
the both abelian and non-abelian models. In the corresponding bosonic models (the free
single scalar field model and the WZNW model), we start from the same type (DOP (S1))
linear fields transformations and its corresponding bilinear higher spin currents. By cyclic
application of the Noether theorem nonlinear terms arise in the field transformations laws,
hence in the corresponding currents. The scalar field current algebra contains both the
linear and non-linear Gel’fand-Dickey algebras. Moreover, in the general non-abelian case
current algebra is closed only if the terms with an increasing degree of nonlinearity are
included. These nonlinear terms involve currents with increasing isotopic spin too. As a
result we obtain triple extended algebra. This current algebra can be considered as well
as a nonlinear extended algebra of type Ŵ∞ if we consider matrix valued currents. All
this allows us to conclude that some difference appears between the higher spin symmetry
properties of the non-abelian free fermionic model and the corresponding WZNW model.
We recall that on the ordinary symmetry level both models are completely equivalent.
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Appendix A.
Here as an example is considered the group SL(2, R). For this group the Gauss decompo-
sition reads:
g(x) = ΨΦ∆, (A.1)
where
Ψ =
(
1 0
ψ 1
)
, Φ =
(
e−φ 0
0 eφ
)
, ∆ =
(
1 χ
0 1
)
. (A.2)
Here ψ, φ and χ are real scalar dimensionless fields.
Inserting (A.1) and (A.2) into (3.21) we obtain
Um = Um+ σ− + U
m
− σ+ + U
m
3 σ3 + U
m
0 σ0, (A.3)
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where
Um+ = ∂
mψ + 2ψAm − e
2φψ2∂mχ
+
∑
p≥1
(
m
p
)(
∂m−pψP p(∂φ)− e2φψ∂m−pψ∂pχ− e2φψ2∂pχPm−p(∂φ)
−
∑
q≥1
(
m− p
q
)
e2φψ∂m−p−qψ∂pχP q(∂φ)
)
, (A.4a)
Um− = e
2φ∂mχ+
∑
p≥1
(
m
p
)
e2φ∂pψPm−p(∂φ), (A.4b)
Um3 = −Am + e
2φψ∂mχ
+
1
2
∑
p≥1
(
m
p
)(
e2φ∂m−pψ∂pχ+ 2e2φψ∂pχPm−p(∂φ)
+
∑
q≥1
(
m− p
q
)
e2φ∂m−p−qψ∂pχP q(∂φ)
)
, (A.4c)
Um0 = Bm +
1
2
∑
p≥1
(
m
p
)(
e2φ∂m−pψ∂pχ
+
∑
q≥1
(
m− p
q
)
e2φ∂m−p−qψ∂pχP q(∂φ)
)
. (A.4d)
Here Am and Bm are defined by
Φ−1∂mΦ = −Amσ3 +Bmσ0 (A.5)
σ0 = I and σ±, σ0 are matrix generators of the SL(2, R) algebra:
σ3 =
(
1 0
0 −1
)
, σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
. (A.6)
From (A.5) it holds that
Am+1 = ∂Am + ∂φBm,
Bm+1 = ∂Bm + ∂φAm,
(A.7)
where A0 = 0, B0 = 1. From (A.7) it follows that the sum Am+Bm satisfies the condition
(3.30), i.e. we have
Pm(∂φ) = Am(φ) +Bm(φ), (A.8)
where Pm are the Faa´ di Bruno polynomials. Taking into account that U1 = j(x) from
(A.3) we obtain
j(x) = g−1∂g(x)
= (∂ψ + 2ψ∂φ− e2φψ2∂χ)σ− + e
2φ∂χσ+ + (−∂φ+ e
2φψ∂χ)σ3.
(A.9)
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Now, it is easy to compute
j2 =
(
(∂φ)2 + e2φ∂χ∂ψ
)
I = 2TI, (A.10)
where I is the identity matrix and T is the stress-energy tensor. Then, from (A.3) and
(A.4) we have:
j2k = 2T kI,
j2k+1 = 2T kj(x) fork = 0, 1, . . . .
(A.11)
Inserting (A.11) into (4.15) we find:
v2k = T k,
v2k+1 = 0.
(A.12)
Consequently, all the odd spin w∞ conserved quantities (4.15) vanish in the case of
SL(2, R) WZWN model, while the even spin quatities are a product of stress-energy tensor.
From (A.3) we get
V m =
1
2
trUm+2 = Um+20 (A.13)
which for m > −1 do not vanish identically. Consequently, the formulas (A.3), (A.4) and
(A.13) show us that the W∞ currents with any spins do not vanished identically.
Next we show that the currents V m,n,... can not be represented in terms of the currents
V m, i.e.
V m,n,... 6= V mV n . . . (A.14)
Indeed inserting (A.3) in the product UmUn we get
UmUn = (Um+ U
n
3 − U
m
3 U
n
+ + U
m
+ U
n
0 + U
m
0 U
n
+)σ−
+ (Um3 U
n
− − U
m
− U
n
3 + U
m
− U
n
0 + U
m
0 U
n
−)σ+(
1
2
(Um− U
n
+ − U
m
+ U
n
−) + U
m
3 U
n
0 + U
m
0 U
n
3
)
σ3(
1
2
(Um− U
n
+ + U
m
+ U
n
−) + U
m
3 U
n
3 + U
m
0 U
n
0
)
σ0.
(A.15)
Consequently, in general tr(UmUn) 6= tr(Um)tr(Un) if m,n ≥ 0. This allows us to con-
clude that we have a closed current algebra only if we consider an extended currents space
in which higher spin nonlinear currents are included. This is also the case of WZNW
model for which the gauge fixing Um± = 0, U
m
3 = −A
m, Um0 = B
m is impose. Substituting
in (A.15) we obtain:
tr(UmUn) = 2(AmAn +BmBn) 6= cBmBn (A.16)
because according to (A.7) we have Am 6= Bm.
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